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al INTRODUCTION . 

·th . . nns o an m mite sequence of numbers. Given an mfimte equence, 
· A series is the sum of the te ,.-:- · f - . fi . . -~ 
th,e 11 paiiial su~ is t}:ie sum of the first n terms of the sequence. A series· is conve ent if 
the sequence of ~~s partial sums Si, S

2
, S

3
, ... tends to a limit, partial sums become closer 

and closer to a given number when the number of their terms increases. 
A series converges, if there exists a number such that for any arbitrarily small positive number, 
there is sufficiently large integer N ... In co,nvergent series the number (necessarily unique) 
is called the sum of the series. 1 

' •• 1 ,, ·i _ 

Convergence and divergence are unaffected by deleting a finite number· of terms from .the 
beginning of a series. f\ny series that is not convergent is said to be divergent. 

, . t, ' ( I \! :- . . 
', • /, / I PD SEQUENCE _ 

U sequ.ence is ~ succession of numbers or temis formed according to some definite rule. The 
. nth term in a sequence is_ denoted by lf n· I • ' • -

For' example, if Un ~ 2n + l. · j • _ . - . · . 

By' giving different _values of ·n in u~, we get . different terms of the sequence. 
\ 

I ~h:~~n;/ha~:/~n~ri:t:~·~~:b~f of terms is known as.an infinite ~eqr~~:)' 
m LIMIT · . . - _l 

f · Ifa sequence tends to a limit/, th~n we write !~(u,) = 1 

f: , - INCREASING .AN.D:.-DECRE,A~ING SEQUENCES · 

[, (i) Increasing sequerce: The seq?~nce ,ta, is said to be in~;e~sing if an+ 1 ::CC an, for 

.. 

each n ~ m. 
m . 

(ii) _ Decreasing sequence; The sequ~n?e n~ an is said. to be decreasingi if an ·;?: an+ I' for 

237 .• 



~ ~ .'' r=.r,.'(-,t' 
. ... ,•·ti.i~ 

I ¥%1M@I Show that the sequence {~~~:~} is a dec;~flSin~ _seq~ence. 

. - . ~., m ~ 
Solution. We-know that, the sequence _Lan 

n-0 

· Here we have 

And .· 

Thus we observe that an ::: an+t 

Hence the sequence {,, ! 
3

} is {1ec~ ing sequ;nce. ~, • 

m CONVERGENT SEQUil_JiJCE t ½~1 :,.ft \. , . , .. 
If the limit of a sequence is finite, the seqJ ence is convergent. If the, limifo£;a.~eque~1-
does not tend to a finite number, the sequence is said to b_e divergent,. , ·, / ..._ ' , ~ . 
e.g., 

-ul' u2, u3 ••• , un .. : is a bounded sequence if un < k for ev~fY n. , ·;. , 

P.11 , MONOTONIC SEQUENCE ( \J -'Jr,lp) ·:.; . \,, 
L:'rhe sequence is either increasillg or decreasing, such s04,U~~cif• 

e.g. , I, 4, 7, 10, ... is a monotonic sequence. · / ,;.,\,}:'_ / I 1, ) t · _. , , µ. , 

• ' ' I ') ··1)·, 1 1 1 1 . I . . '.,' , - , - , - , ... 1s a s9 a monotom
1

c seque¼lce. , 
\ I ,p 2 3 4 ., . . .• 

f) (' . 1, -1, 1, -I , I, ... is not a monotonic sequeµce .', 
',I r , ~ . 

1 

~d . '-. .... •, ,, I/ ll. ( I <..\ j1 > '\ ,· (' . . . , . ' , 

A sequ~(( w,hich is monotonic and bounded is a c°,"vergent, s,. 

i1 
•.•.. - - 'EX:ERGiSE!91. 

Determine the general term of each of the following sequ~ 
are convergent or divergent. · 

I 1 1 1 
1. 2'4 '8 16 , ... '-. 

2. ~ ~ ~ i 
2' 3' 4 : 5 , .. . 

<.._...3<'1, -1, 1, -1, .. . 

12 22 32 42 52 4
· 1!'2!'3!' 4! 'sT,··· 

't 

fREMEMBER T~E·, ~(?LLOWING LIMITS 
.. ,, .. ' ·--

'') 11· m xn = 0 · if x < 1 a~8 \iin x~ = oo if x > l · 
l · n➔~ • n->~ 

;.•, .. 

(xi) 

'. S_equences and Series 

Ans. Convergent 

Ans. Divergent 
Ans. Di'\ergent 

Ans. Conv~rg~nt 

limtanx~ 1 (xiii) x➔ O X 

r. 
SERIES . 

I \.' 

!. 

,-.. ' I \ , I . . ., 
. ... ·.~- ~ . . -- -- ~- ,.._ d> 

A series is the sum of a sequenc~: ·1 ·-_ : ~e Then the. expression u
1 
+ !'2 + 

11
3 + 

·. . . be . a given seqllen . • , . . . . 
L1et u" u2, u3, ······ :···,_ un,. ··· ···:··· . . · . . ted with the given sequence. . · . 

'--. . is called the senes associa . . . . '. . ........... + 1111 + ·······,:~ ·-· · • · · · series. · · - · ·· of 
Fo_ r example, 1 + 3 +,,\ + '. .:t' ·:· 1~ a1. 't d the series is·called.finite,-When,the number If h b f __ , - fa sen es is 1m1 e , . , . - , ~ . . .. , . , 

t e num er o terms 0.. · .. . 11 d ·nfinite. series. · --~ · - >I · · . 
terms of a series are unlimited; .. ~tJs ,ca e an_z . :, -:-- ' · . ..· · . 

•. · + U' + u + u4 + . ._ + 11n:': ·~: ~_;' · 
, ZII . 2 3 ., . , } -

· · . .' ·, · F . . . ,. , ;~ - <'· '~, , The suin o( the :fi.rst ri ,t~rms 
· ' \ · .- · ' · . . denoted by "' 11• ' or kJ 11•· <. ·. ' . 1 : · 1
s called an infinite-senes and it is , . • · · ~ · . . . . ., •; --~ .. .. . . • . -

' ,••:' ,, • '"<i.: ~ • •~ c• . ', :t_',1, .. -::; •• . 
of a series is denoted qy ~,i· . . . . · · -Rl·E· S 

· , · · · · · · OSCILLAT9RY SE ... ~ · 
CONVERGENT, -DIVERGENT A~D . ~ 

11 
+'-.. • ~ :., . . .."-.. --:. _ 

·,.. · . _ +t( + . 11
3
+... n . · 

Consider the infinite ~eries · ~11n C. u 1 . ~ . + 
11 

. : 

. . , s,-u,+11,+u,+ ... , :,. ,,;",' . V . 
1'I . · · • , · · · ~ ,.. aid to be convergent. . lree cases arise: ' , . · . 

00 
the series £.,, 11n is ~ · , ,t · ·. : . 

(, )_ If S tends to a finite numbe_r as 11 7· '. ~ ·
1 
·s said -to be divergent. V ,_ · · 

II . . . h sen es £.,, ll ' . . , . ·u 
(ii) If S tends to infinity a_s n ➔ oo, t e_: , . . fi,n, ite . the s~ries ~ un is called osc1 at~ry. 
i " . II . • • . , limit fimte or Ill . , . , . . . 

( 

11

) Its,, does not tend to a 1:1mq~e · ' , · , • . ·. · . · . ;_ 

: l 



l -t- __ l -
t 

........._ 

... .. ..,..,..,..,uv11 1v c11y111c::c::11rig 1v1amematics ..:. II 

DD ,PROPERTIES OF SERIES 

J. The nature of an infinite series does not change: 
(i) by multiplication of all tenns by a constant k. 

(ii) by addition or deletion of a fmite number Of tenns. , . . 

"' }, If two series Lu. and Lv.·are convergent, then L(u. + v.) is ;.iso·_conVeig,n( 

._( [ijj,j~ liil,mine the f1ature of the series I + 2 ::1- 3 ~ 4/t• .. :. f n ~ .. .' ,. 
Discuss the nature o/th~.se~ies 2-2 + 2-2 + 2- .... •. 

. ~ ~ s ; 2 ...,2+2-12+2- ... CI.J '3 n· 

~ Oif n· is even 

= 2 if n is ·od~. 

· n(n+l) ,; • , Solution. Let S =1+2+3+4+ ... +n =. ~ ·, • [Ser· . 

. " . I 2 , res-~ 
• > ; / I 

IimS == lim!!Sn+_Q =:> ex:; ~ ,-
n➔.. n 7➔00 2 / ---- ' ' ' 

Since 

• ;,?";: \ ·~:1;\')/1'/u, ,.,~, . .. Ans. Divergent Hence, this series is divergent., : ., '. •~ . >{ifi.~· 
D§MW,.,Test the converlfe~ce of th~ Series. 1 /J-f+ 1 ~ . 

· Solution. Let · . 1 1 1 .. 
s == 1 +-+-+.-+ ... 00 

n 2 4 .· 8 

( 
1 1 

+ --fo+J)! · (n+ 

,~ · .. ", . f the following senes: 

. s the nature o . , . . f , /" /- Ans. Divergent JSCUS 10 + oo - ,.. 
1 + 4 _+ 7+ ' ... . / ,.. 

5 

6 . 7 . ~ . • . < Ans. Oscillatozy 
2. 1 + 4 + 4 ~ 4 + .. . - 1· + 6 ~ ~ - 1 + : .. "' Ans. Convergent 

3 6-5-l+6-5 .: f b J Ans:Divergent 

. 3+.3.+~+~ ' (DVer1 ,.,J _j j 5 }- ,_ Ans. Convergent 4. 2 2 2 . 00 1 > I 
s. J 

2 

+ 
2
! + 3' .+ 

4 
+ • .. .' · . l).i ve r9-,tJ J J f -

l+l I+ ,, , 00 , / \ . l 
6. I-2 4" 8 ' ' 'i. \ 0 W/loJin, rJ f L -

1 l · 1 ' oo tr 6 . -+-+-+ " i I I 
7. 1.3 1.3 5.7 '/ ', . , 

i +l+I+ ~:. 00 

B. 2! 3! 4! ' . 

4 · ~ '+ ... oo · 9. log 3 + log 3 +.lo~ 4 ·1 I,!,. ' 

n 
IO. })og n+l 

11. r(:Jn+1-l,;):,. ,. · ·'., 

f •• . 1 ' 

12. rn(n+2) , 

' ' '1 
13. Ln(n+l)(n+2)(n+-3) 

n . 
14. 4(n+I)(n+2)(n+3) 

L 2n+I , ·· . 

IS. n' (n+ I)' . • ' :. ERIES 

·oMETRIC S . 

'J)' 
fl 

. Convergent Ans. 

Ans. -Convergent 

Ans. Divergent 

Dl·veroent Ans. 0 

Ans. Divergent 

Ans. Convergent . 

Ans. Convergent 

Ans. Convergent 

Ans. Convergent 

P.'R1,o PROPERTIES OF GE . . 

liGll;;1 , r' + ... "' " . > I The series I +,. + r + ( "' divergent if r - · 
I ~ . (,) c_onvergent if /r < ~ · 

. . 'fr<-1. (iii) oscil~atory t - .. 

.. ~, I• 



i 
t 
i -

Proof. 
. l _ -,.. 

l +1••• I __ _ 
S~ = l+ r +r +... - l-r 

(I) When lrl < 1, Jimr" = 0 1 

...... 
1-r" 1- 0 

limS. = lim -1-. = 1- r =T=; 
,...... H-fN . I .. 

Hence, the series is convergent. 

(ii) (a) When,.·>· I, limr" =oo ). S 1. r" -I 
1111 "= 11n- ::: ·oo ....... n➔M n-t .. r-1 

Hence, the series is divergent. 
(b) When r = I, the series becomes I + I + I +.- 1 + ... oo 

S = l t l + l+l+ ... = 11 
...\r- 'l ' • 

lim s. = lint 11 = 00 
,,_... n➔- , 

.., ' 
. Hence, the series is divergent. . 

1
• 

(iii) (a) When r = -1, the series becomes I - I + I - I + I - ... (;J'J, 

Hence, the series is oscillatory. 

S = 0 if n ·is even 
' l ! , , 1, , ~ v , 
'•- '= I if 11 is dd 

= +oo if II is odd 

= -oo if 11 is even 

EXERCISE 9.3 
Test the nature of the following series: 

1 1 I 
1. !+-+-+-+ 00 

2 22 ' 23 ... 

J 9 27 2. I+-+-.i--+ 00 
4 16 ' 64 - ... 

1 I I 
3. 1--+---+ .. ,oo 

3 9 27 

4. I - 2 + 4 - 8 + ... oo 

9 27 
5. 2+3+-+-+ .. ,oo 

2 4 

Ans. Convergent 

Ans. Convergent 

rgent Ans. Conve 

Ans. Oscillator)' -

. rgenl Ans. o,ve 

. Divergent Ans. 

Sequences ond Sorlo ❖ ❖ 
• which one Clf the nllcrnntivcs in the folio , . , 

511111.: , . 1 _ I + I _ 1 + •, w111g 1s correct: 7, 'fhC sen cs . I . .. . ts 
convergent wit I its sun, cqunl to o. (/) _ , . 

(o) . . t I Convergent with its sum cqunl to I, (C) otvcrgcn · (,~ Oscillntory · A , 11 
· .. 1 • - ns. \''' 

I • sun:, of the series i:-
2

,, is 
g, 'f 1c ,,. , [ 0. 7: U, J1111e, December 20 / 5] 

(,~ l/2 A (b) 
. - ~ ~ 

Deline the Geometric series nnd find the sum of tho following series ~ ~"· 1 - 1 'r( ~ j 
(b) I . (c) - 1 (a) 0 

9, . . 41 6""' U p ~,I ,.., ,__,- / 

-~ [G.1:U,Junc 20/5] -1" 
• ru;,1TIVE T~RM SE~IES . . . . . l 

If ull terms nficr lcw ncgnttve terms III nn 111f1111tc series nro positive, such n series is 
11 positive tcnn ser_ics. · · · . . . . 

e.g., - 10 - 6 - I :+ 5 + 12 + 20 _+ ... 1s n positive term series . 
By omitting the ncgntivc terms, the nnture of n positive term series remains unchnnged. t-- / 

mJ NECESSARY CONDITI_ONS FO~ CONV.ERGENT SERIES 
For every convergent series I:11

11
• 

Solution. Let 

Also 

lim11
11 

= O 
H ➔H 

s,, = "1 + "2 + 113' + "' + 11,, 
limS = J.. 

II '7 tJ-•-
limS,,_1 = k ,,-. .. 

s,, = s,,_1+ u,, 
1111 = s,, - s,,_1 

limu,, = lim[S,, -S,,_1] = 0 
11 -tllO 11 - t • 

limu,, = O ...... 
Corollary: Converse of the above theorem is not true. 

e.g., I+ l+ ~+ ~+ ... + ~+ ... 00 is divergent. 

I I I I 
S = 1+ 7-+ ,:;-+ r;+ ... + r 
" ..;2 v3 v4 vn 

I I I I _I 
> ✓n + ✓n + ✓n+ ✓n+ ... + ✓n 

> in> ✓n 

limS. = lim✓n =00 

...... ,, ... M • I 

Thus, the series is divergent although limu. = hm r = O 

(11 finite qunntity) 

(n finite qunntity) 

, n-tM n--t- "n ' 
So tn.! u. = 0 . is a necessary condition but n~t a sufficient condition for convergence. 
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Introduction to Eng1neenn . 

tf.tJ.;:.-..._;:..~~..;;;:i....---1i t for divergence 
Note: 1, es . ,... must be divergent. 

;,.- ; -
I 'f ~ 1 

. .. . 
' ,;.. 

. ' 

p;. 
J 

' . .. _,·:; 
·' / 

1: 

• -> o the series ,.u,. 
J/

hnt 11 -r ' dS s· . . ..... ~ • ·es we l,ai-e to fin n· mce II is not possibl . 

I 
111/l! of a serz - ·11 . e r 

Ji 
detern1i11e t ,e na . J • • tcstsfior conrergence w1 . 10111 mvo/vi110 S , o fl11~ •. 

2. 0 . ·e hare to a e\/CC .!> '4s 
for ererr series. ,, . ~ . , 

~ 
. AMENTAL TEST FOR QIVERG~NCE 

~- 9ucHY'S FUND . , C,,/ (Th• ,f' term test for divergence) , . . , 

If lim u I:- 0 the series is dive.rgent. ' . 
-~• . 2 3 4 11 

.,, tfor co11\"'":,e.J1ce of the sen es I +-3 +-4 + -5 + ... + - +- ·oo ,es "'.t. • . . . 11+1 _ ... ' 

11 1· 1 , 1, 
limu =Jim_-= un--1 = ¢0 

Solution. Here ._... • --+N n + 1 •➔N 1·+- · ,, JJ.-

Hence, by cauch~·'s Funds.mental Test for divergence the series is divergent. 
· 3 8 . ·15 . • . 2" -1 

l
fii,q,j/il Test for convergence the series l+-:+ JO+-+ ... +--+ 00 

-- .. ,-- · . .) . 17 . 2"+..1. .... 

l 
,. -1 1---;;-

limu = 1im--- = lim--
2
- = l ;t: O 

,..... • -- 2• +l n--+" l 1+-
2" 

Solution. Here, 

Hence, by Cauchy's Fundamental Test for divergence the series is divergent. 

BH1111fj Test the convergence of thefol/01 yi11g / 

{I+ [+ fi+. + _,_, - ·+ V4 V6 Vs .. 2c11+1) ·· · 

Solution. Here, we have 

J¾+J¾+l+ ... + 

⇒ T.u11 d_oes not c~nverge. 

The given series is ~ series of+ · H ve terms. . . 
ence by Cauchy fundamental test fo d" . , . . r ivergence, the series is divergent. 

·QfM),jflj .. Testforcon~e ' . · · · · .. (·. · ) · ) 
' ,., . , - .'_: . ,g':',ce the senes whose n• term is J + _!_ ( G. T. U.. ]JeC- )DJJ ., , . '. ✓n ' ' . .. ". 

~'":. 

· . ~. J-lere, we have 
~ollltloll 

u~ =(t+ },) 

limu. = lim(l+-
1
-) 

n➔- n-t• ✓n 

t.J nee by Cauchy s Fundamental Test for divergence :r.u i d' · t ~ 
1 

e . , n s 1vergen . 

l 
3 

~cos-: . µ 11 

· t 

1 l l 
4 l+-+2+-+3+-+4+ ... 
· 2 3 4 

s. i(6 - n
2
) 

' · , RES 

Ans. 

Ans. Divergent 

Ans. Divergent 

Ans . . Divergent 

Ans. Divergent 

Ans. Divergent 

Ans♦ Divergent . 

Ans. Divergent ~- ic-211) 

+~•k311+l _ .. 

. ,... . 
, .. - . l 1 1 · · (") ' . if. J ('") D' t if < I The serzes - + - + - + ... oo 1s z convergent I p > 11 1vergen I p _ . 

. 11• 2P 3r . . ' . . , . ~ 

Solution. 

' Now 

. . (MDU, Dec. 2010) 

(GTU. June. 2015) 

. .. (I) 

. .. (2) 

... (3) 

... (4) 

I 
-1 

I 

l 
f 
J 
~ 

• 1 
t 

! 

I 



( 
J ). p-l (.J )2

p-l ( 1 )Jp-3 
<I+ - + - + - + 2 · 2 2 ... 

•. , J " - ' 

<,-Gf 
< Finite number if p > I 

Hence, the given series is convergent wh_en p > 1. · 
- h J • • 

Case 2: p = 1 
When p =:= l, the given. series becomes 

1'(1 I) (l 1 1 I) (I 1 I) I+-+ -+- + -+-+-+- + -+-. + ... +- + 
2 3 4 5 6 7 8 9 10 16 ... 

. . 

Therefore, 

l l l+-=l+-
2 2 

I I 
->-
2P 2' 

I I I . 

I I 
->-
JP 3' 

-+-+ I . 
lP 2P -3r +-+ >J+ I I I 4P ••• -+-+-

2 . 3 4 + ... 

l I 
->- andsoon 
4P 4 

._ · Sequences' and Serles ❖ ❖ ~ 
> diver · . . . . 
. gent series (p = I). [From Case 2} 

•: · . [ As the se · : ( · 1 1 1 , ) 
, . nes on KH.S. I+-+-+-+... is divergent) 

Ce the given series is divergent when 2 3 4 
" en• P<l. . 

coMPARISON T~ ~~ p/ . . 
two positive tenns run and tv

11 
be¼t 

n n 

. !!.!!- == k (finite number), then both se · · ' I~ v nes converge or diverge together. 

f By definition of limit there exists a ·r • · 

rr
00 

: I:: _ kl < • for n > m posii.:: ~::::r ~~ h:::ver smnll, such that 

v. 

k 
lln 

• - E < - . < k + e for 11 > m 
v · , 

n 

Ignoring the first m tenns of both s~rics, we have 

k "· • - E < - < k + e for all 11 
\I n 

cnsc t. l:v,, is convergent, then 

, ... (I) 

!~':1.!(v1 + V1 + ... v.) = h (say) where his a finite number. 

lim (1), 11,, < (k + c) vn for nil 11. 

lim(111 + 112 + ... + 11.) < (k + ejlim(v1 + v2 + ... + v ) = (k+ e)h ,, .. ,,_... ,, 

I lcncc, t,i,, is also convergent. 

Ca!c 2. tv,, is divergent, then 

lirn(v1 + vl + ... + v.) ➔ oo,' · 
n -t .. 

Now from (1) k - e<~ 
vn • 

un > (k - e)vn for all n 

lim(u1 + u2 + ... + u.) > (k - e) lim(v1 + v2 + ... + v,,) 
n .... - ,,_,~ 

From (2), lim(u1 + u2 + ... + u
11

) ➔ oo ,,__, .. 
Hence run is also divergent. 

.. . (2) 

Note: For testing the convergence of a series, this Comparison Test is very useful. We choose 
l:v,, (p-series) in such a way that 

lim u,, = finite number. 
n➔~ vn 

Then ·the nature of both' the series is the same. The nature of l:vn (p-series) is already known, 
so the nature of :Eu is also known. 

" 



/ • I 

'I 

Solution. Here, 
.... } 

Let 
V =
" 11 

I 1 _fi • , 
. "• _ 1. _!.!_ = Iim-10 = = mite number hm- - 1111 JO ..... ~ 
.~~ V "4 ~ l1 + 1 + -

n n 

· 1 ·es converge or diverge t6gether, -but i:v . 
d. to Comparison Test bot 1 sen . • " Acco~ mg 

asp=I. . 
:. LU is also divergent. . . ) 

n ,rr/efio/lowmg series:,,< ...... \,, 
liiliilijjl.iMIII- Testt~e COl'.l'elr:ce_o;_ 7:__ --:---- ( ,f P('f"I'( • 

Jj: ✓2 + ✓2 + ✓3 + ✓3 + ✓4 +-;__-------

Let us compare Iun with Ivn, where 

I 
V =-

n ✓rl CV 

lim"" r 1 I I ,--✓ - - ✓ - • • 

n--,~v. = n~"2 RI J+J -=-2 / ~ 
1+ I+--- ~ · . 

n · , ' , · 1 
Which is finite and non-zero. , 

.. . "" l 
: .. LVn and r.vn, converge or diverge together since I vn = r·~ _is of the}onn 4 >. 

I 
P=-<1 

2 
, .·, 1:vn is divergent ⇒ r.u is also di've 

• , , n rgent. 

nz 

f(' 
~ 

Sequences and Series 

~i,xamlne the conv;,gence of the ,er/e,: L,{~n' +1-n) 
~ 

501utioP, 
Here, we have z.(~n3 +t-n) , 

Let 

⇒ 

hich is finite and non-zero. . 
~ .., and :Ev converge or _diverge together . 
•• ~Un n 

·. ~- ·_ ~1-. · fth~ form~_!_ withp = 2 > 1 Smee •,.c_;Vn - £., ·n2 ISO £.., nP . 

.· "'v is convergent ⇒ :Eun is convergent. 
Ans. 

.. ~n • 2 3 
. . . . . . _1_+--,+--_-3+ ... i&llil.iliJi Te~t the_ convergence of the followm~ sen es 1 + r; J + r- 1 + 2 . 

Solutioni. ,Here~ we have 

Here 

-Let u =n n. 

Let us compare :Eun with :Ev,,. 
u n 1 __ 1_ 
_!!..=~·-- l 
vn l+_:_ n l+---; 

2" 2 

II • l __ l_=l 
lim_!!..= hll!~-1+0 
•-+•v ..... . l+-

• 2" 

' 
VI 

2..-> 

IT. 

I 
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duction to n 
❖❖ Intro 

. and non-zero. 1 
Which is finite • , ~ v - "" - is of ti · 

d
. erge together smce ,t., n - £..i II . le for111 }: I . 

rgeMW , 
d I:v conve · , .. 

: . Llln an 11 ' . /JP .. ;~ 

P == J. . also divergent. 
d. rgent ~ 'l:11,, is . .t :. rv. 1ve - . .Ji_ 1 ✓3 _ J' ✓4 • . •1~~ 

..... -,5-m1t119 Ern111i11e rhe co11wrgence of the series 31 -1 + 41 -1 + ~11 -1- .,. 

UJ!lill 'I':~ . 
. Here we have Solution. · 

..{;;+1-1 
Here 

11
" (n+2)3 -1 

Let V =-n 5 

112 

Let us compare Iu
11 

with Iv,,, 

CT 1 
lim 11"=lim y1-t--;;- ✓,; 
..... - v. ...,._[( 2)'3 -1 ] 

l+- --
n - n3 

Which is finite anlnon-zero. 

✓l+0-0 
(I-0)3-o 

( 

t 

.·. I:.u,, and I:.v,, converge or diverge together since Iv.= r-;- is of the form '~~-
' - .- n 2 , ,,. ~-
5 n 

where p=->l . 2 . 

. ·. I:.v,, is c:~nvergent ⇒ run is convergent. 

•i¢1m,if!I L!j Us· . r I 
__ .. _ .... 11111 .. :.a11 Mill mg comparison test discuss the if " VII -

· -· . convergence o £..J--. -
· n2 +I _ 

Solution. Here \Ye have " J;; - l 
. L- 112 +1 

( GTU. June. 2012) 

Sequences and Series ❖❖ ~ 

. ! ( - 1 J [-_ 1 J ✓n-l n2 1-- , 1-.-
u =--- ✓n ' ✓n 

n n2 + 1 - n2 [1 + J__] . ~312 [1 ~ _l] 
3 

n-:z 
1,et v. = 

S compare r.u,, with tv,, 1,et u , 

Whi~h is finite and non zero. 

n2 '. n2 
' 

Therefore, both the series r.u,, and ~v,, converge or diverge together. 

- 1 . . I, 1 3 . . 
S. ce "'v = ~ - is of the form -, where p = - . Thus r.v 1s convergent ⇒ r.u,, 1s 

m £... n £.. I nP 2 n 

nz 

. convergent. 

Solution. Here, 

Let 

By Comparison Test . 

1 
v=-" nJ .. 

3 
2+

n 7-5-
-+l . ns 

n 2+- 2+- . · 3 ( 3) · 3 
lim ~ = lim . '-. n fun--n = 2 = Finite number. 

n n -+ s 

Ans. 

11➔- V n➔- · 3 ( 5 l) •➔- ~ + 1 
. ns n 
. . ' . . r di~erge together but r.v~ is convergent 

· Accordmg to companson test both senes converge 0 

as p == 2. . Ans. 
Hence, the given series is convergent. · 



t
. to Engineering Mathematics - 11 

lntroduc ,on . . -
2 3 4 

__ ... 1111::m Test the following series for c011verge11ce -1P + -2P + - + ~ Uf\, · 3P 4P +,,, 

2 3 4 5 · 
· · · sis-+-+-+-+ ... 

Solution. Given sene 1r 2r 3" 4r . 
1 

1+-
11+1 11 

Here "• =-p-=--;=i" II II 

1 
1+- p-1 

"• 11 II 1 -=--X--=l+- lim~-
v. llp-l 1 11 n➔ .. V -1 

" 
Therefore, both the series are either convergent or divergent. 

But Iv" is convergent if p - l > l , i.e., if p > 2 
and is divergent if p - l $ l, i.e., if p $ 2 
The given series is convergent if p > 2 and divergent if p :::; 2. 

i#\11111ifjtj Us.ing comparison test, discuss the convergence oft !_s;n(.!_'\ 
n=J n n) 

Solution. Here we have 

. l 
sin-

l . l' 
u. =-sm

n n 

Since lim--" = l it follows that · 1 1 
•-+• l ' sm - - - and so u 

n 

We therefore, take v" = ~ and then 
n 

n n n 2. 
n 

2 • - 1 . 
li 

u. . n 1 · sm-
m-= hm- . . 

•-+• v .-.. n sm-=hm-
1

n =l=finite " n __ n➔- - -

n 

. : (GTU, June2012) 

Therefore I:u and I . ' 
, n v" converge or diverge together. But I. v ="" _!_ . 

Hence :Eu is al . n ~ 2 converges. 
, n so convergent by com . n 

. .. panson test. 

-&Q@OimiQI Determine . - . 1 
. ,,. .. convergence or div .. (2n2 - J)3 

ergenc_e of series L i 

. n=l (3n3 + 2n + 5)4 

Ans. 

(GTU, Dec. 2013~ 

t 
n=l ( J l 

3n +2n+S)4 

u = 
" 

Sequences and Series ❖ ❖ 

(3nJ +2n+J 

.n\2-;J\ 
3( l 

n4 3+~ S J4 2+-
n n3 

l 
V =-n I 

nl2 

nu 3+-+- 4 • 

1 

( 2 SJ!. 
n2 nJ 

lim 
11

•·= lim 
n➔- V n n➔• l 2 S J~ 

3+-+-
n2 nJ 

Which is finite and non zero. 

r, I 

. -
~ 1 is of the 

By comparison test LU and LV converge or diverge together, since I. v. = k--1 
. : _ n n 1112 

. l 
P=-<l 

12 

t.v n is divergent ~ LU is also divergent. 
n 

Ans. 

. .. 

~ t;· 

:1 
. i 
t 
i 



I •! • LI 

:1 

!I 

~: 
,; 

·,. 
I 

., 

!' 

...._ 

3 _1_+2-+~+ ... oo 
· 1·2 3.4 5-6 

I .I ·I + oo 4 ~+--+-- .......... . 
c.___;.---i.2.3 2-3·4 3.4.5 

. 22 32 42 
5. l+-+-+-+ ... oo 

2! 3! 4! 

I 2 3 
6

" 1+2 + 1+22 + 1+23 + ... 

I 2! 3! 
7. 3+)2+ 33 + ... oo 

- I 
s. L✓n J;+i •• , n + 11+ I 

~ 2n3 +5 
9. LJ 

•• , 4n5 +I 

11.}: f 
,,. , n +I 

12. fJ(n 2 +1)-n 
n • I 

13. t,[ J(n4 +1)-J(n4 -1)] 

14. 

f ~ 
n,,,, n I 

JS. 
. . ... z 

16: ·L ':n 
,,. , e 

.Ans. Dive 
. rgcnt 

.Ans. Conve -
rgent 

.Ans. Conver 
. ge~1 

.Ans C ' . • onvergent 

.Ans. Convergent 
; 

.Ans. Divergent: · 

Ans. Convergent 
I _> • 

Ans. If x > a, converg~nt; if x.::: a, Divergent . . ~ ; . . 

Ans. Convergent · 

Ans. Divergent 

Ans. Convergent · 

Ans. Con.vergent 

Am,.' Convergent 

Ans. Convergent 

~MBERT•S RATIO TEsT---
_ Sequences and Series ❖❖ 

Statement. If Iun is a positive term series su~h that Jim u,..a = k then 
' . 

(i) the series is convergent if k < J 
(ii) the series is divergent-if k > 1 ------~- -------~--- ' -.·-

proof, 
u ! 

Case 1. When lim-!!±!. = k < I 
n.➔- Un 

BY definition of a limit, we c,an find a number r (< I) such that 

u,.., 
- < r for all n > m 
u,; -

Omitting the first m terms, let the series be . 

,\·•.I 

( 
u2 . u3 U4 ) · ( u2 u3 u1 · U4 u3 u1 · ) · =u1 !+-+-+-+ ... =u1 J+-+-·-+-·:--·-+ ... oo . . 

, U1 Ui Ui u, µ1 ul U3 Uz Ua . 

<u1 (1 +- r+,:Z.+,3+ . . . oo) .(r<l) 

= ...!!L._, which is a finite quantity. 
1-r 

Hence, :Eun is convergent. 

C~s-c i. Wh~n lim u,.+r = k > 1 
n➔- Un 

K < 1 
Cc---

· · · · ~ h h u,. .. , > 1 fi all n > m B. y definition of limit, we can find a number m sue t at -.- or -
. u,, 

U2 > 1, ~>I, 
U1 ll2 

Ignoring the first m terms, let the series be 

, / ' /. ·:· u1+ u2 + ll3 + U4 + ... oa 

;..· 

- ' . 
L-

~ 
L---

' (1 ,uz· u,+u4+ )=u(1+!2+~.!1+"4··"1.tl2+ ... oo) 
, / /'.✓ =U1 +-+- . ... . I ZI ll ll1 U3 Zl2 Ua . ' u1 U1 l/1 I 2 

~ ,' > 11 (l + 1 + 1 + 1 ... ton terms) _= nu1 - . 
- I • 

Hence, :Eun is divergent. 

Note: When. lln+I = l (k = I) 

The ratio test fails . 

lim S 2! Jim nu• = oo 
n-11 - n • n-+• 

(:. lim (u, +112 + ... +u.") = nu.] ·--



' •, 

,. 
r 

t 
i 

' 

. I 
ider the series whose nth tenn = ;; 

For Example. Cons .. 
I .. 

- n .. 1 -1 
• lln+l -1· 11 + I = lint...---:-= hm--1 -
lm1- - 11~ 1 " ........ 11 + l " ...... l · _ 
• .., .. II n➔ + 

• 11 l1 

th • 1 
Consider the second series whose n tenn is J". 

I 

rm ''n+I = lim (11+ 1)2 = lim(-,,-)2 = 1 
. ~ ... I./ . _, ... I n➔oo 11 + 1 

• 71 
. II 

Thus from (1) and (2) in both cases lim ...!!.:!:!. == 1 
' n➔"° Un 

But we know that the first series is divergent as p = I. 
The second series is convergent as p = 2. 

Hence, when lim u<+, = 1, the series may be convergent or idivergent. ,, __ u" 

Thus, ratio test fails when k = I. 

■ $fjpj,\ij{!I Prove that 1+.?.+i+_§_+ 16 + ... / n J 9 21 s1 
~ l)Qf; . . . 

0--µy s · 2 4 8 16 1/ olution. Here we have l+-+-+-+-+ 
• . . 3 9 27 81 ... 

lim u.+1 = Iim~ .,,/1 
n➔oo Un n➔-3 ./ ,- --. . •. 

2 ; ' 
=-<I ,: 

- -~__./ 

Hence Lun is convergent. 
' •. ; L,· 

converges and.find its sum. 

Rtiir@@JI Test for conve e · 
, rg nee of the series whose nth le . n2 

· rm1s -
2n 

Solution. Here, we have un n2 
- 2"' 

Ans, 

· l>' Alembert's Test 
JJY 2 

I, ~ - I' (n+ I) 2" I ( i 1m - 1m--._ . I I 
n M II 11-► .. 2"H 2 :::: hrn - I+ - ) =-<I 

H n n ~2 . 2 
• ' n 

t ... the scncs 1s convergent by D' Alembert' R . J enc..,, s at10 Test. 

Sequences and Series 

__ ..... a Test for' convergence the Serie• h ,,, 2" 
·• w ose n term ls -

2" 
solution, Herc; we have un = ;f • 

DY 0 , Alembert's Ratio Test 

2•+1 
Un•►l=--

(n+lj 

2n+I nJ 2 . ll 2 

. ~ -= (n+t)' ·2"= (1+±)' => !~".! ,;:' = ~".!H)' -2> I 

Herice, the ·series is divergent. 

Val of Convergence and Radius of Convergence inter . 

n1, 

Ans. 

I~terval of convergence of a power series is the interval 9f x say -a < x < a such that the 
series converges for the value of x in the interval (-a, a) and diverges for the values of x 
outside the interval. 

Radius of Converg~n~e 

Radius of convergence is the half length of the interval for example the series converges for 
all x some finite open interval (a - R, a +·R) ~rid diverges. 
If x is less than a - R or x> a + R 

Diverges · Converges Diverges' 

. a-R . a a+R 

Here were the interval (a - R; a+ R) , 
Radius of converge~ce for the series is R and 'a' is the centre. Radius of convergence is the 
radius of biggest circle in which series converges. - · 

- • - x" •¥%\hjnifJj · Find the ~adius of"c~nvergence_for the seri~s ~ n+l (GTU, March, 2009) 

Solution. We have 
x" 

u =-
n n+2 

⇒ 

⇒ 

Xn+I 

11 =--
n+I : n+3_ . . . [ 

21 1+.- ' 
un+I x"+I · n+2_ n+2 ·•x= ·-n- :c 
-;;:-= n+3 ·7-(nJ · t+~ 

I' llln+l I I I lffi - = X 
n➔oo ll,, . 

:. By ratio test, the series converges if ~ti < 1 and diverges if ~ti > 1 · 

1-Ience, the radius of convergence R is" 1. 
Ans. 



! , , 

have 
Solution. Here, we _ /n x" 

u. -v;r;T· 

:. By D'Alembert's Ratio Test, run converges if x < 1 and diverges if x > 
1
• 

If x = 'i, test fails. 

When x = 1, the Ratio Test fails. 

; Whenx= 1, u =J n = n 1 I 
n ,i2 + I n2 (1 + 4) = .J,;' J1 + I 

I 1=-
1 J;; 

f1 ,,2 

u. - I l J;; I 

v. - {,; -✓ I ·1=g 
1+2 I+ -

. II 1/ 
I. u I 
im-!!..=lim-=---1 

•--+•v. •--+• ~-

Wli" h · f -t--;; 
le is finite and non-zero . 

. ·. By comparison test, Eu and L 

. n vn converge or diverge together. 
Smee ~ v - " 1 · • I 

L.., n - 4; 07 IS of the fonn 't' _ . l 
n £.. 11 µ With p = _ < 1 . L vn diverges~" 11 div 2 

; L.., n erges. 
Hence, the given series r 
H di un converges a 

e.re ra us of convergence is I. s x < I and diverges if x ~ 1. 

:. 

Sequences and Series ❖ ❖ M t 
• J 

Detennine absolute or conditional conv if J . ~ ( })
4 

• _n_ . ....,,___ - ergence o I re series £.J -
1 
+ 

1 
· 

n: I ll 

ti·on. Here, we have 
50Ju 2 

[G.T.U. Dec. 20/3] 

u == (-1r-
11
- .-

n n3 +l 

==(-l)"+t (n+l)
2 

u.+i . (n+l)3 +1 

D' A}emberts Test BY 
u_1 == (- ly+

1 
(11 + 1)2 

X (11
3 + I) 

u. (n + 1)3 + I (-1)" 112 

== 
(11 2 + 211 + l)(n3 + 1) 

(11 3 + 3,,2 + 311 +I+ 1)112 

lim u ... , == lim 
"~- ll,. "➔-

(11
2 + 2n+ l)(n3 + 1) 

(11
3 + 311

2 + 3n + 2)n2 

D'i\lcmbcrt's Rntio Test, the series is divergent. Ans. 

- 2''+5 --•j"jif~{M• lnve.ttigate the convergence of the series ~--;;-· ( GTU. June 20 I 5) 

Solution. J lerc, we have 

By D' Alcmbcrts Test 
. 2 5 . 

+-
2n•I +5·3" . 2"~1 +5 · )' 211 

. u ♦ I r = hm - 1m ( 5 ) !~-:;;- = ;,~r1(2"-+5) n➔-. 3 · (2" +5) n~- 3 I+ 2n 

=~<1 
3 

Hence by D'Alemberts Ratio TeSt I:.un is conve~gent. Ans. 



,..,; to Engineering Mathematics - 11 o- ❖❖ ln!Jodu....,on I x1 ~ 

r'l:lllllll"nifii!GII Fuui value of xfar which the given.series 2Jj +-3 r:;2 +~+-(_ 
1-'tll"" · -- · vL 4v3 s1;-,· ... 

u,, 1 _r2c;-1J 
(n+I}./n 

u.+1 1 x2" 
(n+2)✓n+I 

By D'Alemberts Ratio Test 

u,. .. 1 =[-I -~x (n+l)✓n] 
u,. (n+2).Jn+l x2"-2 

lim u . .. , = Jim ✓n+i ✓n x2 
....... u,. •-- (n+2) 

CT 
y'-t-;; 

=lim--n x2 
.. ➔- 2 

=x2 

I+ 
n 

(i) If x2 < 1, then run is convergent. 

(ii) If x2 > I , then run is divergent. 

(iii) If x = I, then D'Almberts test fails 
By comparison Test 

I 
u =---

,, (n+I)J,; 

r Ii 1 

-~"· = .!! .l(,+;;) 
Let 1 

V =-
• n312_ 

n1, 2 

(GTU D 
• ec., 2011) 

Sequences and Series 

. ch is finite and non-zero. . 
\\!bl parison test Lun and I:vn converge or diverge together. 
J3yco!ll 

1 
which is of the form I:~ with p = I> l 

5jnce V,, :=:? nP 2 

verges ⇒ I:u converges. 
i:v,. con the given series I:un converges ·as n ~ l and diverge if x > 1. 
J!ence, 

Ans. 

Find the interval .of convergence of the series Ii (~J)" x• (GTU. Dec. 20]]) ill!~~!~I . n=fl n + 1 

~(-3)"x" 
. Here we have the series ,t.; ~ 

S0Iut1on. ' ""'° v n + l 

(-3)"x" 
u. = .Jn+I 

(-3)"•1 x••• 

l
u I .Jn+2 1::' = ,_(....;_-3_)"_x"-i 

.Jn+l 

l (-3r♦•xn♦• .Jn+l I 
= .Jn+2 x(-3)"x" 

=l-3x✓n+II 
.Jn+2 

llim u •• , I= l~3x ~I ,, ... - ,u,, \j-;;-i 

By D' Alembert's Ratio Test 

(,) I:u is convergent if 3lxl < 1 
n I 

(ii) I:un is divergent if !xi > 3 
1 

Radius of convergence is R = 3 

-
=3 lxl 

-
n 

= 3 lxl 

( 
1 !) if x = ! then 

The series converges in the interval -3' 3 3 

/ 

.. 

' ' . . ,. 



Here 

_r-w(_.!Y - I . 1· 1 I 

L~= 1:-=-+-+-+ 
n=O ✓,;+"i n=O ~ • ✓J ✓2 ✓3 

I 
P=-<l 

Henc: r.u,, is divergent. 
2 ·,. 

•AhiM&f Pl rnvestigate the convergence of the series ~ I : 
L.;~· 22 2 
II=/ + +3 + ... +

11
2 

Solution. Here, we have 

1 
u =--c::--:-----

n 1+22 +32 + ... +n2 

= --:------
n(n + 1)(2n + 1) 

6 

6 

n(n+ 1)(2n+ 1) 

6 
un+J = --------

(n + l)(n+ 2)(2n+ 3) 

(GTU_, Dec 20 
. '. /~ 

lim~= Iim 6 n(n+l)(2n+l) 11

....,_ u,, 
11

...., _ _ (n+l)(n+2)(2n+3). 6 

By D'Alembens Ratio test fails 
Now we apply Raabe's test 

= lim n(2n + 1) 
,,....,_ (n + 2)(2n + 3) 

( 1)-2+-
= lim · n · 2 ,, ..... _( 2)( 3) = 2 = l l+- 2+-

n n 

t°2 11(f---1)= Iimn((~+ 2)(2n+3) 1) II+] ,,....,_ n(2n + 1) 

= !~n[2n2 +7n+6-2n2 -nJ 
n(2n+J) 

=limn(~) . 6n+6 
II➔- c· =lim-n n + 1) II➔- 2n + 1 

Sequences and Series 

n(6+~) 6 
==lirn~ . 6+-

11-.~ ( l ) == hrn --fl.. 
n 2+- n--+ ~ 2 +..!. 

n . 
= 3 >l n 

Bence the series is convergent. 

ld@riflul For the series t (-lr(x+~ I . ' 

11=, . n find the series radius and interval of 
convergence. For what value 

O 
x . . · 

conditionally? if does the series converge absolutely, 
Solution. fJere, we have (GTU, Dec., 2015) 

f (-l)"(x+2)" 
n=J n 

n 

(-1r1(x+2r1 

. n+l 
By D'Alemberts Ratio Test 

\ __ , 

n =-(x+2)-
n+I 

I 
=-(x+2)

I 
l+

n 

lim ll
11

•

1 = lim[-(x+2)-½-l 
11➔- _u11 11➔- I+-

· n 

= -(x + 2) 

If -(x + 2) < 1 ⇒ -3 < x then r.u,, is convergent. 

If .:..ex + 2) > i ⇒ - 3 > x then LU is divergent. , n 

If -(x + 2) = I ⇒ x = -3 then D' Alemberts Test fails . 

LU = (-1)11 (-3+2)" 
II 

(-l)"(-1)" 
n n n 

= .!_ is of the form = _!_ with P = 1 
n nP 

!:u,, is divergent 

!:u · · 3 < n IS convergent -3 < x and divergent - - x Ans. 



An.s. 

the Series I u conYe.rges to the ~ 

S TEST {HlGHER RATIO TEST) 

. n(~-l)=k, then 
-... u<h-1 

{:J -ti"'-

CO e series is diYergent if k < I. 

" ttb > ~ 

k > P > I; ru,, is convergent when k > I. c~ 1 L t < 1 - ,, ~1eps ~ • Ca..ce I. 
• ·f'At1; 

J. D ... !.. _,• ,:_ r. 
~ ... ,-1. 12il •fk== J 

l ~~• Tes is applied onl , 

Y v1nen D Alembc-rt's Ratio l est fails. 

{Binomial Theorem) 

Sequences ond Serles ❖ ❖ 

2n I '' =---(n 1}1 

~11 3 
/1 1 = -

(n ) 
ny D'Alcmbcrt's Test Ratio 

Raabe's test fail s. 

11 •1 -n + 3) (n 1)1 

-=-x-
11 (n +:..y -n+l 

1. 11.,...1 1_. _ 2n +3) (n+W 
llll-= llll--~ 

,.....__ 11 -{2n + I) (n+_)-

= I • 

• ( . T. ' J1111 t' 2015) 



. • Mathematics - . . 
!·on to Engineenng . 

lntroduc I • • . ----

1:U. is divergent 

u . (n+2)2(211+l) 

~== (2n+3)(;1+l)2 

1,,3 + 911 2 + 12,1+4 
= 2n3 +·7112 f 8n+3 . 

j 

l . -2 
=1 + -+-· -2 

n n 
f3 . r 

=a+-+-r 
11 II 

r.=I ] J_. ] 

I f$;j fest for convergence the series -1 2 +-2 3 +-3 4 + .: ... 
• MWJ'I --- • · · · 
Solution. Here, we have • · 

l 1 l - +-+-+ ..... 
1-2 2-3 3.4 

1 
u =---
• n(n+l) 

(n+l)(n+2) 

By D' Alembert Ratio ~est 

u.+1 n(n+I) 

D'Alembert's Ratio test fails. 

·By Raabe's Test 

~ . 

nee I:.u/:js, convergent. 

u. (n+I)(n+2) 

=--
2 1+
n 

= I 

=limn(~) 
n➔r.o n 

=2 
=2>] 

(G.n 

ol utlofl, Herej 
s . . § . 

D'A)embert s Test 
OY · 

. u . 
Jim --f!!L = X 

. n➔oe· _ ' ii~ 

(i) Ifx ~ i, ~un is _convergent (ii) If x > ~• Iu,, is divergent (iir) If x =='i; j~ r:~}s,; ·•:.: 
Let us apply Raabe's Test.when x "."' I ' _. . . . · 

,:_ (. ~'~i) . .;;_
1 
·. [(2.n+l)(2n+2) · ] '.. .. .,.-:·• · '-' 

lllu n . 1m n ..;.__...:;_:__~ I . .. • ·: .. •\, -·· ··· :,. · · . 
•.➔- u.~1 · • --➔- · 2n(2n -1) .. 

=_·limn[(2~+1)(2~+:2).-2.n(2n- l)] 
•➔- · 2n(2n-1) : 

-· ' ,: . 

; ., f,: ::{~•,:; : ; C } •[ 2~(~:~;) 1 = ~~t~ri 2 >1 .. 

. . : f' . : \ ~_-".fl·: . <<~V.t~ 
The senes 1s convergent. · · .. 
Hence we can say tha_t t~e given series is· C<?~vergent if~ ~ I and divergent. if x > T. 

Here, th~ radius of conver~ence is 1. 

" ' . . 1 !i¥\ui•jtlfil_ Test ,th~ 'fo·l~owing s·eries for convergence L✓n + l - / 

.. R 1 
. : . . - 2 

1• . lln+I 1· n 
1m--- = 1m ffi 

_ n➔• ll n➔- · 2. } 

... : n }+ - ·- , 
··'· · n n· 

I ;------

D' Alembert•s ·test fails. 
By Raabe's Test ·. 

• ( 11 ) ( .{,;+z - I 1) hm n -•- - I = Jim n .:...,.===---- -
"~- u . · •- - ✓ n + l - I 

11 ♦ 1 

.. ', ... ' 

Ans. 



Hence. w. is divergent 

• .-... el'!• Discuss the convergence of the series: 
u 

J x1 J-3 x5 J-3-5 X
7 

~+---+--+---+ ... (x> 0) 
J 2 3 2-4 5 2-4-6 7 

Solution. Here, ·we have 

x I ,! 1-3 x5 1-3-5 x
7 

_ ... _.-+--+--·-+ ... 
I . 2 3 2-4 5 2-4-6 7 

Neglecting the first term, we have 

l-3-5 ... (2n-l) X2n+l 

u. 2-4 ·6 ... (2n) 2n+l 

and 
l-3-5 ... (2n-1)(2n+ 1) x2n+3 

U.,..l 2-4- 6 ... (2n)(2n+ 2) 211+3 

By D'Alembert's Test 

· u.+1 2,4,6 ... (2n)(2x+l) x l,3·5 ... (2n-1)(2n+l)x2•+3 

u. l-3 ·5 .... (2n- l)x2"+1 2·4· 6 .... (2n)(2n + 2)(2n+ 3) 

_ (2n+l)(2n+l) 2 
- X 

(2n + 2)(2n + 3) 

_ ( 2+;)( 2+;) 
2 

- (2+~)( 2+~) X 

u (2+.!.)(2+.!.) 
lirn-.!!.!!. = lim n n 2 

•➔- u. •-+-( 2)( 3)x 2+- 2+-
n n 

=r'
If x2 < 1, r.un is convergent 

If x2 > I, r.un is divergent 

1f x2 = I, Tes~ fails. 

Now Raabe's test 

. . Sequences and series ❖ ❖ 

.2 - 1 · we·b' u. (2n+2)(2 ·-.. 
When~. - •· , _ave -= . . n:t3).:..4n2+l0n+6 ' -

. Un+I (2n + })2 :- 4 2 
n +4n+l 

Y.!1.!n(3?_-1) = limn( 4n
2 

+ 10n+6 ) 
U I •➔• 4 2 -1 

n+ ' ,n + 4n + r . . 

6 
2 .. 6 5 ' 

= 1im n +5n . .. · +-
•-+• 4n2 + 4 1 = lim n : n+ •-+• 4 I 

4+-+
n n2 

:. BY Raabe's Test, the series converges .. 

Jience: r.un is convergent if x2 ~ l and d

0

iverg~nt ir'r'- >) . 

6 3 
-=->1 
4 2 

Ans. 

Test the converg~nce 0f:...!__+_3_~·-· _5_· ~i.MW-.-- · · · 1-2·3 2-3-4 · 3_4 _5 +.... (G_.T.U, Dec. 2014) 

Solution. Here, we have . 

1 ., 3 5 •.' 
--+--+-- ., 
1-2-3 2-3-4 3.4.5 ~ -~---.- ;..,_., ,:.,, ... .. 

1-. · 

n(n+l)(n+2) 

By D; Alemberts Ratio Test 

-.. 1, 

I
. u •• 1 1. n · 
1m-= 1m--

•-+"' u. n➔«> n+3 

' . 1 
=hm--

•-+• 3 l+
n 

D'Alemberts ratio test fails. 

By Raabe's Test 

l. ( u · . ) . (n+3 ) 1mn -• -1 = hmn ---1 
n➔.. Un+I n➔•. . n 

. (n+3-n) . =hmn --- =3 
n-+-- n 

=3>1 

Hence r.un is convergent by Raabe's test. 
I 

· Ans. 



~M\ 
'v · we have 

Solution. Here, 
3 4 5·6 1·2 · +--+ ... +-- 2 82 242 52.62 7 . 

3 . 11(11+1) 

Un= (n+2)2(11+3t 

(11+ l)(11+ 2) 
11

n+I: (n+3)2(11+4)2 _ 

B D'Alembert's Ratio Test 
y ·u.+1 (n+l)(n+2) x (n+2)2(n+3)2 

u. - (n+3)2(n+4)2 n(n+l) ,·. 

u . (n+2)(n+2)2 

Iim--'!!:!. = lim ( 4)2 · 
n➔- u. n➔- n+ n 

D'Alembert's ratio test fails 

By Raabes Test 

. (n+2)3 

=hm 2 
n➔• n(11+4) 

113 +6n2 + 1211+8 
= lim 3 2 

n➔• n +8n + 16n 

= 1 

limn[3c_-l) = limn[ 
113 

+
8112 

+ 1611 
1) 

•➔- Un+I n➔- 113+6n2+1211+8 

I. [n
3
+8n2 +1611~n3 -6n2 -12n-8J . = 1mn . · 

•➔- 113 +6112+12n+8 · -

= 1m n -:----=----I. ( 211
2 
+411-8· ) 

•➔" n3 +6n2+1211+8 

l. 2n3 +4n2 -811 
=1m-:;--~---
•➔.,._ n3 + 6n2 + l 211 + 8 

4 8 
2+---

= Jim n n2 
n➔-r; 6 12 8 

l+-+-+
n n2 nJ 

=2>1 
Raabe's test I.un is convergent. 

solution, Here, . 

0 , ,Alembert's Test 
BY · 

n2 •x• 
u=-

n ?" ' 

(i) ·If 1 < 1 or x _< 2, then 'f-un is co~vergent._ 

(ii) If ~ > 1 or x > 2, then 'f-un is divergent _ 
2 . ' 

(iii) If 1 = 1 or x = 2, then the_ test fails. · 

Let us apply Raabe's test 

[ 
u ) . [ ~i 2 ] [ 112 

- 11
2 

- 2n - IJ -2n
2 

- n 
- ''. .. n u.:1, -l =n (n+lf2-l =11 (n+I)z = (n+I)2 

~•[:· -1)~~·(_2~-)~' ~ ~2<1 . 
n+I l+-

11 

Hence 'f-u is divergent if x 2'!: 2, and convergent if x < 2. , n' 

Here the radius of convergence is 2. 
Ans. 

. . . I _!!_+ 31 + ... converges if x > 2 and 
■ Shil..imiltili Show thattheserzes ;- : x(x+l) x(x+l)(x+2) 

·· diverges if x < 2. 
n! 

Solution. Here, 11. = x(x+l)(x+ 2) ... (x+n-l) 

(n+l)! 
11

n+i x(x+l)(x+2) ... (x+11-l)(x+n) 

By D' Alembert's Test 
I 

1+-

D' Alembert's ratio test fails. 

Let us apply Raabe's Test. 

lim~=lim--n =l 
n➔• Un n➔•l+~ 

n 



,; 

. ering Mathematics - If ---------

( ) (
x+ 11 -1) = ii111;;(~11) ~ !~1! x-.:...1

1 
·= x - l 

!~ 11 ;::-1 ::: !!!1~ II -;;+T n➔.~ ' .: _+_ . 14-; 
LIi is convergent. 

l > l or x > 2, then n 
Jfx- · 2 

radius of convergence is . 
Here the , I LIi is divergent. . 

If 
. I < I or x < 2, t 1en n i J 
.\- X X 4 

if the series ---+-+ x 
__ .,.Pl'!'I Discuss the convergence O 2 log 2 · 3 log 3 ~+ ... 

2 X3 _ X4 
X +-+~+ ... . 

Solution. Here, we have 2log2. 3 Jog 3 4 l?g 4 

n+l 
X 

11
• - (n+l)log(n+l)' (n+ 2) log(n + 2) 

By D' Alembert's Test . 
x•+1 (11+l)log(11+l) ' 

lim~= Jim ) X n+I -, 
n➔• u. n➔•(n+2)Jog(n+2 - X - . 

( 
n + I ) log(11 + 2) 

-li.rnx --- ...... 11+2 log(11+2) 

= limx(l +;] Iogn+ log(l +;) _ 

....... 2 ( 2) l+- log11+log 1+-
n 11 

l+- log11+---2 + ... 

[ 

l ]f I I 1 · ] . 11 11 211 
=hmx -2 2 1 4 · 

...... l+;; log11+;;_- 2-
112 

+-:· 

[

l+_!_][l+-
1 

+ ... J · = limx __ 11 11log11 = x 
...... 2 2 

I+- I+--+ ... 
11 11log11 

(1) When x < l, the series is convergent 

(ii) When x > 1, the series is divergent. 

(iii) When x = 1, the test fails. 

Let us apply Raabe's test 

~= (11+2) log(n+2) = (11+2) log11+log(1~;) 

"•+I 11+1 1og(n+2) 11 +1 · ( I) 
log11+Iog l+-

11 

Sequences and Series ❖❖ ~ 

( 

logi-z+~-!.~ · 2 
· n+2) 11 2- 2 + ... ( 2)1+--+ ... = -- n 11+ nlog11 

11+1 I I I = - · 
log11+-- - ·~ + n+l I I 

n 2 2 ••• +--+ ... 
n nlogn 

=-- I+- I+-- _I_ = n+2 l+-2- 1 __ 1_ 11+2( 2 )( -)_, ( )( . ' ) 
11 +1 11 logn 11logn n+I 11logn 11log11 

_ 11+2(1 2 · l . ) (11+2)[ . · I . ] ~ --- +-----+ - 1+ 
· 11+ 1 11logn n'logn ··· - n+ 1 . 11logn . l 21 

I+-
u. 1. 11 

1 
1 1 

lim--= 1m -- +-- =1+--,➔-u'.", '-'; )+;; [ nlogn l _ nlogn 

11[.!!.'!.--1]=11[1+-
1 

-1]=-
1 

=·0<1 
u.+i . · ~ . _ 11_1o~n . · _1~gn . .. 

- . 
Thus the series is divergent when x = 1. · 

Hence, the series converge~ if x < I _arid _diverges if x ~ I. · . 

Here, the .radius of convergence is 1. 

ll,;liiiialilil.iijlillifi,.,.fl. Test the series for converge11~e 

• a . /3 a(a + J). /3(/3 + IY> + a(a + ])(a +2)· /3(/3 + 1)(/3 +2) x1 + ... 

l+Trx+ 1·2·r(r+I)_ 1·2 ·3·r(r+l)(r+f) 
f 

a(a + I)(a +2) ... [a +(11-l)] · /3(/3 + 1) ... (/3 +(n-1)] xn 
Solution. un 11 ! y(y+l) ... [y+(n-1)] 

a(a + I)(a + 2) .. _.[a +(n-l)(a + n)· /3(/3 + 1) ... (/3 +(n-1))(/3 + n) xn 

u.+1 (l1+1)1 y(y+l) ... [y+(n-l)](y+n) 

By D' Alembert's T~st 

lim u.+i = x 

(i) If x < I the series is ~onvergent. , . . ~ 

(ii) If x > 1, the series· is divergent. 

(iii) • If~ == 1, the test. fails: 



Lei UH IIJlfllY Hnn»c·H ll'N1 l [ . 
) [ 

(11 +l)(y+ 11) - I II _,,-4_.,,_._, -;-;;-~~...,; 
,/~ -1 =II (a +11)(fl +11) 

l11.11 

y+L+ l - a -a- /J 
( " ) I' , Y + 1- a .. /J li11111 ..:;!J... _I a .111!, (a. ) 

• '" "••I - 1·1 +I 
11 II 

n I or y > a + n then r.11 Is convergent. (I) If y + I - a - ,, > 1' ' • 11 

n < 1 or y < a + n then l:11 is divergent. (li)lfy + l - a- ,, ,,, 11 

.. 1" 11/11/ ~,\ 
r lfl TeH the Convergence for the series L-(

2 
)/ ( GTU, Dec 20

11 
I, 

H-llutlli--:- . .., 11 ·" "' 20111 

4"11l111 4'" 1(11+ l)l(n + 1)1 
Solution, We have, "• = (2n)! '""" = (2,~+2)! 

" ' (11+1)1(11+1)! , (211)! 411 "'1 

lim..!!!!.=hm------•-·-
" ~ 11 . .... nln! (211+2)! 411 

Apply Raabe's ratio test. 

" ' 

. (n+l)(n+I) 4
1
. 11+! 

=4hm-----~=- un
...... (211+2)(211+1) 2 11-► .. 211+1 

1+ .!. . n+I 
21

. n 
=211111--= 1m

,,_. .. 211+ I 11 - 1.. I 
' 2+ -

11 

= 2x.!. = I Tc§t fails. 
2 

111111-- = 1mn -:----~----::-:-;--I. [ "• i] i· [ n!n!(2n+2)14" i] 
... " "••I ....... (11+.l)l(n+ 1)!(211)!411+1 

= 111111 -- = 1mn ---~ I. [ 211+ I t] i· . [2n+ l-2n-2] 
• ..,.. 2(11+ I) n-1.. 2(n+ I) 

= lim[..::!!_] = lim[-2.] =_.!,<I • ..,.. 2n + 2 11-1.. 2 2 
2+ -

n Herrce, the given series is divergent. 

. An,.·convc,gcnt 

An~. If fl .. rt , I . . . 
,. , convcrgcn1, Ir fl .. u. ,, I, D1vcrg.ent, 

An•. Convergent 

AnJ, Convergent 

An,. Divergent if n l & convergent if x < I 
• '.' '·, ~ ·\. ~" i 

Ans. Divergent if - l ~ x I and di vergent if µI > I 
I 2 (21)2 (31)2 

8, I+~ x2 +-ti-x4 + 6! x6 + .. ;;o(x > 0) 

. ,, 

Ans. ·convergent if x2 < 4, convergent; and divergent if x2 ~ 4 
Find the values of x for which the following series converges: 

9, x2 (log 2yi + x3 (log 3)1/ + t' (log 4)q + ... · 

· Ans. If x < I, convergent; and divergent if x ~ I .. (-1)" nix" 
, JO. Li 

I
O" diverge value of x. 

n•O 

.. x" 
11

• ~2n(2n+ 1) Ans. If x S I, convergent; and _if x > I, divergent 

12. f I• 
2 

.. . n xn · Ans. ff O < x < 3, convergent and divergent if x ~ 3. ,,. 0 4•7 ... (3n+ I) 

lJ. l+Qf_x+ (21)
2 

x2 + (3!)
2 
;l +..... (MD.U., Dec. 20/0) 

2! 41 61 ' 

Ans. convergent if x < 4; divergent if x ~ 4. 

~ GAUSS'S TEST . 

. 0\~t: ~J 1:11, Is a positive ,;,,11·,er1es s11ch Iha/ 

.!!L=a+f!..+ ~ 
llnH II II 

where a> 0 

,,~ if a> J, co11verge11t ·o ,1 if a < I, diveri•ent, whatever P. may h_ e 

[
/J > /, convergent 

(ii) if a = I and 
p ~ I, diverge11t 

- ~ ---~ \1\Z_'R.:,)~\ 
~ 
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Introduction to Engineering Mathematics - II 
3 4 · 2 5 ' 3 • 

d "'estfior convergence the series 2 + -x+-3 x + - x + 
l,RUC" " . 2· 4 

Solution. Here, we have 

3 4 2 5 3 2+-x+-x +-x + ..... 
2 3 4 

n+l n-1 
u =--x 

n n 

u =~x• 
n+I n+ I 

By D' Alembert's Ratio Test_ 

Jim u •• , = lim[n+Z x". n ] 
•➔- u. n➔- n + l (n + l)x"-1 

Ii 
n + n 

· [ 

2 

2 ] - ID X 
- •➔- n2 + 2n + l 

[ 
1+3. l -fun n -.➔«> 2 l x 

l+-+- , 
n n2 

. 

=x 
(z) If x < l, then I.un is convergent. 

(ii) If x > l, then 'f.un is divergent. 

(iii) If x = l, D' Alembert's Ratio Test fails. 

Now we apply Raabe s Test 

- 1· [ u. ] 1mn --1 
n➔• Un+I 

=limn[n2+2n+l] 
n➔- n2 +2n -1 

= limn[n
2 
+Zn+l-n

2 
-2n] 

n➔- n2 +2n 

=lim[-n] 
•➔- n2 +2n 

= lim( n ) 
n➔- n2 +2n 

p.aabe 's test fails 

=limli_1 n➔- 2 - I+
n 

=l 

· Sequenc~s and S~ri~s. 

Lei us apply Gauss test . 

, u /3 
-" =a+-+.l. -

. . Un+I n n2 

n+l 

_n_=a+f+.l. 
n+2 n n2 
n+I 

(n+I)2. · 13· . • . 
---=a+-+.l. 
n(n+2) n n2 

_ 

n2 +2n+l f3 i 
n2 + 2n = a + -;:;- + n2 

n2 + 2n) n2 + 2n + 1( 
n2 +2n 

_j_ 
_n 

n2 + 2n + I _ 1 + J_ 
n2 +2n ·• n

2 
, 

· (1+J..)= a +f!..+i 
n2 n n

2 

a= I, p = 0 < 1 : 

Hence 'Zun is divergent by Gauss Test. 

Hf Hihlll Test jor converge~~e the ~e~i~; . 
22 .42 i -i -62 i -l -6

1 
-8

1 

-+---+ 1 1+ .. . J2 . 51 J2 . 51 • 71 ' J1 . 51 
• 7 . 9 

Solution. The given series is 
. z2 .42 z2 .42 ,62' iz .42 -62 .g2 -+__.-::-+ 2 + ... oo 

}2 ;52 }2 •,52 -?2 , ·J2-s2 •?2 ·9 

,~l\J 
~11'·' l 
,if)' i 

i i, I'. , 
f •t .~ 

h1llh 
fi'pi.'.';_ JI!" -!t{i 1,,j 
f:~~~ 

1~· C 



1,• 

t 

By D' Alembert's Test 

4 16 -16 1. ·, +-+- . • (2n+ 4)2 41z2 + 16n+ 16 _ n n 2 
Un+I = 2 - 4 2 + 20n + 25 - 4 20 25 
u . (2n+ 5) 11 + "---: +.2 , 

16 16 
4+-+2 

u . n 11 =1 
lim~= hm · 20 25 
n➔- Un . n➔- 4+-+2 

11 n 

D'Alembert's Test fails. et us app . L ly Raabe's Test. 

( ) (
4n2 +20n+25 

· lim 11 ~ - l = ~~ 11 4
11

2 + l 611 + 16 

( ·-~n' :·;~ ) 1· r 4+; ] = 1 
= lim -- = im 16 16 ' n➔- 411

2 
+1611+16 n➔- 4+-;+ 

112 

. 

Let us apply Gauss's Test 

n n 

Raabe's Test fails 

( 5 J . 
u::, :~::!('. (,:~)' +(i+;+ ::, )(,+ff 

( 5 25)( - 4 (-2)x(-3) 4 ) ( 5 25 ) .( · 4 i2 . -· ) = l+-+-2 1---:-+---- 2 + ... = l+-+--2 l--+2+ ... 
n 4n n 2! n n 4n n n , 

' 4 12 5 20 25 1 7 = !--+-+---+-+ ... = l+----
n 11

2 
11 11

2 
4112 11 4n2 

Hence, a = I, P = I. Thus, the series is divergent. 

' . . UCHY'S INTEGRAL TE T , .. . . 

ent. A posWve term ; er;es~ + f(3) + ,,, + f(n) ;.he;,j(~i d rcreasis,., 
fncre.Jses, conve,ges or d;ve,ges occordtng to the ;ntegra/ ' · ' 

is finite or iefznite. . 
J f(x)dx 
I 

P h fi 

. nthesUIII 
roof, Int e >gm-.,, the a«a unde, the cun,e from x ~ I to x ~ n + J hes betw= (],lg< 

height). .. · . , o_fthe area, ofsmall rectangle, (small height) and sum of the a,eas ofla,ge rectangl'.' 

f (Z) .. . represent the height of the rectangles] rr(l), __ ' · 
V' . n+I , . 

j(I)+ f(2)+ ... +.f(n) ?c · j f(x)dx-;;, f(2)+ f(3)+ ... + f(n+l) 

~.-··, $equ_en~es an_d Series;· 

n+I 

S,. ~ f f (~)dx·~ Sn+I - f(I) 
I • Y y= f(x) 

00 from the second inequality that if the A n - ' . 5 

1 has a finite value then Iim S,.+
1 

is also finite, integra "➔-
•n ) is convergent. o r,J,n . 5 

• 1 if the integral is infinite, then from the first Similar y, h . . d" 
l"ty that lim S,. ➔ oo, so t e senes 1s 1vergent. : 

0 1 2 
3 4 . inequa I . n➔-

• 2 cfx 

n X 

.jti€9 Discuss th~ co~vergence of integral_ L ~
2 

_ 

Solution.- Here, we have , 
(G.T.U., Dec. ,2013) 

r,:,-.-[H, =-[H]=-[¾]--, 
. h . fini"te HeO:ce· it is convergent. Wh1c 1s · . 

. ·· . - 2tan-1 n 
fl@ Test · the convergence of L, 

1 
+ 

11

2 ■ efilllttl!l . 11=1 

Solution. Here, we have 

f 2tan-: n 
n=I ' l+n . 

By Cauchy s Integral te_st 

· ' ·· - 2 tan-1 n f1- f(n)dn _= J, l+ni_ dn 

.... [( ; )2 ]"' =· tan- ·n 
1 

< 2 - I 1)2 J = [ (tan- 1 oo) -(tan 

= 2_1t2 
16 

= finite 
:Eu is convergent. Hence by Cauchy's Integral °{eSt, n · 

Ans • 

. . 

(G.T.U. Dec., 2014) 

Ans. 

./ 
i 
I 
I 

I 
I 
I 
I 
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~ ~811 ❖ ❖ Introduction o - . 1 . 

--••a Examine the convergence of~~-

. t Engineering Mathematics - II 

1 
Solution. Here f(x) = xlogx 

J-_!__,fr.= lim [l;g l~g x]: = lim[log log 111 - log l 
l . ,,,..._ m-'>.. og2] 

2 X 0£.X · _ 

'c h ' Integral Test the series is divergent. By auc y s -

- ' ' @j,j Ewmine the convergence of L,X e-x 1NJJtll't ,x=I , 

,\~~ 

(G.T.U, De ' 
· · · c. 2013) 

Solution. Here 

Now -Jxe-x'dx=lim[e-x'1- =lim[e-' +e2-:
1

]=e-:,=...!.:. ,: whichis .fin1·t'e. 
m➔- -2 m➔- -2 2 2e 

I I . 

Hence, the given series is convergent. 

I
I dx . 

•§j,,j,jrj pj Check the convergence of .J . 
0 

1-x~ ;-
Solution. Here, we have 

= [sin-~-(1)-.,.-sin-1 (O)] 

=~-0 
2 

= ~ is finite 
2 

By Cauchy Integral Test the given series is convergent. 

1$fl,.j.jf¥i1I Test the convergence of i 1 

n=J n log n✓log2n -1 
Solution. Here, we have · 

Let 

_f I 
n=J n log n,Jlog2 n -1 

' 
J(n)--;--,====== 

n log n✓log2 n _ 1 

J;'" f (n )dx == f '-:--r==-== dn 
. n log n'1log2 n - I 

· ( G_. T. U. Dec. 2015) 

Sequences and Series ❖ ❖ 

-J- dt - -=-
log,(~ 

1 
- - - dz 

= J z2 

log; l~ - --1 
z z2 

_ J -dz 
- log1.Jl-z2 

= -(sin- 1 z) · 

= -[sin-1 !]-
t log3 

. . . 

[
• 1 1 1- 1 =- sin- --

. - logn logJ 

. -l 1 • -1 1 =-sm --+sm --
logoo log3 

= -0 + Finite Quantity 

= Finite Quantity • 

Hence by C~uchy Integral test, the given series is convergent. 

Examine the Convergence: .. 
. X X2 "x_2 . ' ....--

1. l+-+2 + 3 + ... oo (x>O)~ 
2 . 3 4 

1 1 
(t=-, dt=-2 dz) 

z z 

Ans. 

Ans. Convergent 

AO:s. x < I, convergent;: x ~ 1, divergent 

Ans. Divergent 

4. t-1 
n=l ✓n ~ 

Ans. Divergent 

5. t-+- ~ 
11=1 n + l 

Ans. Convergent 

Ans. Convergent 

,:. ,\:l''•....- ,1 ,,r,1 ~ 

. ,!:J· 
~ .\' I 

I 
I) 
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Solution. Here 
•. , .,· i 

f .. ~\'. = lin!_[loglogxJ; = !~~[loglogm-JogJog2J 
xlogx m--+ · • 

2 ' 

, ' I Test the series is divergenJ_· 
By Cauchy s Integra . 

,f ~ X ~-•' Cl uamine the convergence OJ kl Nitm 1111 DJ •- _ . x_='. , _ . 

-x' f(x)=x e Solution. Here 

Now [ 

' ]- [ _, . . -I l -I 1 . · - e-x . e ' e . - e ' _ ,. . . 
Ix e-•' dx = lim - = hm -2 +-2 - -2 - -2 ,' which is finite 

m--+• -2 m--+• - ' e . 
I I 

Hence, the given series is convergent. 

I dx · iifidj.jlQI Check the conve,gence of fo .J 
2 

• 

1-x._,, .. 
! 

(G.T.U, Dec. 20J~ 

Solution. Here, we have 

= [sin'\1):-:-sin-_1 (O)] 

=2:-o 
2 

= 2: is finite 
2 

By Cauchy Integral Test the given series is qonvergent. 

J&¥Hfi1ii1I Test the convergence off 1 

. . n=J n log n✓log2n- ]' 

Solution. Here, we have 

Let 
f (n) == -:---,,== 

n log n.jlog2 n - I 

J"' J(n)dx=f "' I 
3 3 ~dn 

. . . nlognvlog2 n-1 

(G.T.U,Dec. 20/~ 

~ 

Sequences and Series ❖ ❖ lllllt.ffl 
r dt 

= log, t../t2 - l 

1 
- --dz 

.= J z2 

· log1 .!_ ✓ I -l 
z z2 

_ j -di '·. 
- log3 ../1 -; z~ 

= -(sin-1 z) · 

= -[sin-1 !]- . 
f log3 

[ 

• -I 1 · ]- ' 
= -: Slll log n log) •. 

. ~i' , 1 . -I 1 =-sm --+sm --
logoo log3 

= -0 + Finite Quantity 
,• 

= Finite Quantity '. 

Hence by C~uchy Integral test, the given series is convergent. 

E~ERGISE 9.8 
Examine the Convergence: .. 

· xx2 x2 

1. 1+-+-+-
3 

+ ... oo (x>O)~ 
2 32 4 

(Let log· n = t, ;; _dn = dt ) 

1 1 
(t=-, dt=-2 dz) 

z z 

Ans. 

Ans. Convergent 

2 3
2 

2 4
2 

3 (n + 1)"- •· · · 2. -x+-x +-x + ... +--
1
-x + ... 

12 23 
· 34 n"+ · 

Ans. x < l, convergent; x ~ 1, divergent 

Ans. Divergent 

4. f,-1 
~ n=I ✓n 

Ans. Divergent 

s. i-i'- ~ n=I n + 1 
Ans. Conyergent 

6. f,~. 
n=I 11 • / 

Ans. Convergent 


